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Abstract
We consider SU(2) Yang-Mills theory in 1+1 dimensions coupled to mass-
less adjoint fermions. With all fields in the adjoint representation the gauge
group is actually SU(2)/Z2, which possesses nontrivial topology. In particu-
lar, there are two distinct topological sectors and the physical vacuum state
has a structure analogous to a θ vacuum. We show how this feature is realized
in light-front quantization, using discretization of x− as an infrared regulator.
We find exact expressions for the vacuum states and construct the analog of
the θ vacuum. We calculate the bilinear condensate of the model. We argue
that this condensate does not effect the spectrum of the massless theory but
gives the string tenson of the massive theory.
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I. INTRODUCTION
We shall focus our attention here on SU(2) Yang-Mills theory coupled to adjoint fermions.
This theory is known to have nontrivial vacuum structure; as first pointed out by Witten [1].
For gauge group SU(2) the model has a Z2 topological structure and possesses two distinct
vacuum states which we calculate explicitly. The physical vacuum state is a state analogous
to a θ vacuum that allows the cluster property to be satisfied. There is a nonvanishing
bilinear condensate [2] which we calculate. We will argue that the condensate that we find
is not related to the condensate found in the equal-time theory [3]. We are interested in this
theory because it is an example of a light-cone quantized theory with a non-trivial vacuum.
This theory is interesting for a variaty of additional reasons. It has been shown to have
the same massive spectrum as QCD1+1 with two colors of fundamental matter, where the
topology is trivial and there is a unique vacuum state [4]. We will argue that the condensate
does not affect the massive spectrum of the the massless adjoint theory but is related to the
string tension in the theory with massive adjoint fermions [5]
II. SU(2) GAUGE THEORY COUPLED TO ADJOINT FERMIONS: BASICS
Let us now consider SU(2) gauge theory coupled to adjoint fermions in one space and
one time dimension. Since all fields transform according to the adjoint representation,
gauge transformations that differ by an element of the center of the group actually represent
the same transformation and so should be identified. Thus the gauge group of the theory
is SU(2)/Z2, which has nontrivial topology: Π1[SU(2)/Z2] = Z2, so that we expect two
topological sectors. This situation differs from the case when the matter fields are in the
fundamental representation, where the gauge group is SU(2) and the first homotopy group
is trivial.
The Lagrangian for the theory is
L = −1
2
Tr(F µνFµν) +
i
2
Tr(ψ¯γµ
↔
Dµ ψ) , (2.1)
where Dµ = ∂µ+ ig[Aµ, ] and Fµν = ∂µAν−∂νAµ+ ig[Aµ, Aν ]. A convenient representation
of the gamma matrices is γ0 = σ2 and γ1 = iσ1, where σa are the Pauli matrices. With this
choice the Fermi field may be taken to be hermitian.
The matrix representation of the fields makes use of the SU(2) generators τa = σa/2. It
is convenient to introduce a color helicity, or Cartan, basis, defined by
τ± ≡ 1√
2
(
τ 1 ± iτ 2
)
,
[
τ+, τ−
]
= τ 3 ,
[
τ 3, τ±
]
= ±τ±. (2.2)
Lower helicity indices are defined by τ± = τ
∓. In terms of this basis, matrix-valued fields
are decomposed as, for example,
Aµ = Aµ3τ
3 + Aµ+τ
+ + Aµ−τ
−
ΨR/L = ψR/Lτ
3 + φR/Lτ
+ + φ†R/Lτ
− (2.3)
2
where Aµ,± ≡ (Aµ1 ± iAµ2 )/
√
2 ; Aµ,± = Aµ∓ ; (A
µ
+)
† = Aµ− and φR/L ≡ (Ψ1R/L − iΨ2R/L)/
√
2.
We shall regulate the theory by requiring that the gauge field Aµ be periodic and the
right-handed Fermi field be antiperiodic in x−. The left-handed fermion ΨL is taken to
be antiperiodic in the coordinate x+. In most cases we will not present explicitly the left
handed contributions. These are presented and discussed in more detail elsewhere [6].
The Fock space representation for the Fermi fields is obtained by Fourier expanding ΨR
on x+ = 0,
ψR =
1
21/4
√
2L
∑
n
(
ane
−ik+n x
−
+ a†ne
ik+nx
−
)
(2.4)
φR =
1
21/4
√
2L
∑
n
(
bne
−ik+n x
−
+ d†ne
ik+nx
−
)
. (2.5)
and similarly ΨL on x
− = 0 with an, bn, dn and x
− replaced by αn, βn, δn and x
+. Here the
sums run over the positive half-odd integers and k±n = nπ/L. The Fourier modes obey the
standard anti-commutation relations
{a†n, am} = {b†n, bm} = {d†n, dm} = δn,m (2.6)
with all mixed anti-commutators vanishing. The fermionic Fock space is generated by acting
with the various creation operators to a vacuum state |0〉.
III. CURRENT OPERATORS
The current operators for this theory are
J+ ≡ JR = − 1√
2
[ΨR,ΨR] . (3.1)
and similarly for J− ≡ JL. To avoid confusion, we shall henceforth always write the currents
with R or L in place of the upper Lorentz index and the color helicity index either up or
down with J3 = J
3 and J− = J
+.
These expressions for the currents are ill-defined as they stand since they contain the
product of operators at the same point. This is a common problem and occurs in the ex-
pression for the Poincare´ generators as well. We shall regulate these expressions by point
splitting while maintaining gauge invariance and then take the splitting to zero after remov-
ing the singularities. The singularities give rise to additional contributions, so called gauge
corrections. We find that the current JR acquires a gauge correction
JR = J˜R − g
2π
V , (3.2)
where J˜R is the naive normal-ordered current. The left handed current has an anomally
− g
2pi
A.
It is convenient to Fourier expand these currents and discuss the the properties of their
components. We write
3
J˜R,a =
∞∑
N=−∞
CaNe
−ipiNx−/L (3.3)
where a is a color index and the sums are over the integers. The coefficients in the expansion
for the left handed currents are DaN . It is well known that these Fourier components satisfy
a Kac-Moody algebra with level one [7]. We shall discuss this explicitly for the CaN ; an
identical set of relations holds for the DaN , with appropriate substitutions.
In terms of the Fock operators, we find,
C3N =
∞∑
n= 1
2
b†nbN+n −
∞∑
n= 1
2
d†ndN+n −
N− 1
2∑
n= 1
2
bndN−n
C+N =
∞∑
n= 1
2
a†ndN+n −
∞∑
n= 1
2
b†naN+n −
N− 1
2∑
n= 1
2
dnaN−n
C−N =
∞∑
n= 1
2
d†naN+n −
∞∑
n= 1
2
a†nbN+n −
N− 1
2∑
n= 1
2
anbN−n . (3.4)
The negative frequency modes may be obtained by hermitian conjugation: C3−N = (C
3
N)
†,
C+−N = (C
−
N)
† and C−−N = (C
+
N)
† .
In this Cartan basis, the Kac-Moody algebra takes the form[
C3N , C
3
M
]
= NδN,−M (3.5)[
C±N , C
±
M
]
= 0 (3.6)[
C3N , C
±
M
]
= ±C±N+M (3.7)[
C+N , C
−
M
]
= C3N+M +NδN,−M . (3.8)
Also notice that for N = M = 0 the above algebra is the SU(2) algebra of the charges. The
algebra satisfied by the DaN is of course identical.
IV. GAUGE FIXING
It is most convenient in light-front field theory to choose the light-cone gauge A+ ≡
V = 0. This is not possible with the boundary conditions we have imposed, however it is
permissible to take ∂−V = 0. In addition, we can make a further global (i.e., x
−-independent)
rotation so that the zero mode of V has only a color 3 component [8,9],
V = v(x+)τ 3 . (4.1)
At this stage the only remaining gauge freedom involves certain “large” gauge transfor-
mations, which we shall denote TRN and T
L
N with N any integer:
4
TRN = exp
[
−iNπ
2L
x−τ3
]
TLN = exp
[
iNπ
2L
x+τ3
]
. (4.2)
The combination TRNT
L
N ≡ TN is a gauge freedom of the theory and an example of the Gribov
ambiguity [10]. We can use TN to bring ZR to a FMD, −1 < ZR < 0. Once this is done all
gauge freedom has been exhausted and the gauge fixing is completed.
The physical degrees of freedom that remain are the Fermi fields ΨR and ΨL and the gauge
field zero mode ZR, restricted to the finite interval −1 < ZR < 0. All other nonvanishing
components of the gauge field will be found to be constrained, as is usual in light-front
field theory. Because of the finite domain of ZR, it is convenient to use a Schro¨dinger
representation for this variable. Thus the states of the theory will be written in the form
|Φ〉 = ζ(ZR)|Fock〉 , (4.3)
where ζ(ZR) is a Schro¨dinger wavefunction and |Fock〉 is a Fock state in the fermionic
variables. There remains the question of what boundary conditions should be satisfied by
the wavefunction ζ . A careful analysis of the integration measure forces the wavefunction
to vanish at the boundaries of the fundamental domain ζ(−1) = ζ(0) = 0 .
After gauge fixing TN is no longer a symmetry of the theory, but there is an important
symmetry of the gauge-fixed theory that is conveniently studied by combining T1 with the
so-called Weyl transformation, denoted by R. Under R, RZRR
−1 = −ZR. R is also not a
symmetry of the gauge-fixed theory, as it takes ZR out of the fundamental domain. However,
the combination T1R is a symmetry. We find
T1RZRR
−1T−11 = −ZR − 1 , (4.4)
so that T1R maps the FMD −1 < ZR < 0 onto itself. In fact, it represents a reflection of
the FMD about its midpoint ZR = −1/2.
The action of T
R/L
1 and R on the fermion Fock operators gives rise to a spectral flow for
the right handed fields,
TR1 bnT
−1R
1 = bn−1 , n > 1/2
TR1 dnT
−1R
1 = dn+1
TR1 b1/2T
−1R
1 = d
†
1/2
RbnR
−1 = −dn , (4.5)
and similarly for the left handed operator. The an and αn are invariant under both T
R/L
1
and R. From the behavior of the Fock operator it is straight forward to deduce the behavior
of the elements of the Kac Moody algebra under TR, TL and R and show that the algebra
is invariant. We shall elaborate on the detailed implications of the symmetry T1R when we
consider the structure of the vacuum state below.
Finally, let us discuss Gauss’ law and determine the rest of the vector potential in terms
of the dynamical degrees of freedom. Gauss’s law in matrix form is in the Cartan basis, this
becomes
5
− ∂2−A3 = gJR3 (4.6)
−(∂− ± igv)2A± = gJR± . (4.7)
Note that because of the gauge choice JR only acquires a gauge correction to its 3 color
component. All color components of JL receive a gauge correction.
Eqn. (4.6) can be used to obtain the normal mode part of A3 on the surface x
+ = 0:
A3 =
gL
2π2
∑
N 6=0
C3N
N2
e−iNpix
−/L . (4.8)
The zero mode of Eq.(4.6) requires special attention and is discussed eleswhere [6].
Because of the restriction of ZR to a finite domain and the boundary condition on ζ(ZR),
the covariant derivatives appearing in Eqn. (4.7) have no zero eigenvalues. Thus they may
be inverted to solve for A+ and A− on x
+ = 0:
A± =
gL
2π2
∑
N
C∓N
(N ∓ ZR)2
e−iNpix
−/L . (4.9)
V. VACUUM STATES OF THE THEORY
The Fock state containing no particles will be called |V0〉. It is one of a set of states that
are related to one another by T1 transformations, and which will be denoted |VM〉, where M
is any integer. These are defined by
|VM〉 ≡ (T1)M |V0〉 , (5.1)
where (T1)
−1 = T−1. It is straightforward to determine the particle content of the |VM〉.
One finds that
|V1〉 = d†1/2β†1/2|0〉 (5.2)
We will focus here on the Fock states |V0〉 and |V1〉 since we will find that a degenerate
vacuum will be constructed from them. A general discussion of |VM〉 follows similar lines.
The combination T1R interchanges the Fock states |V0〉 and |V1〉 up to a phase,
T1R|V0〉 = (phase)|V1〉 (5.3)
T1R|V1〉 = (phase)|V0〉 .
All of our states, as we noted previously, will be constructed from a Schro¨dinger wave
function ζ(ZR) and a Fock state. We construct, in the next section, the Schro¨dinger equation
by projecting out the empty Fock state sector of the Hamiltonian. The energy eigenvalues of
the system are proportional to 2L, as one would expect, since they correspond to fluctuation
of the flux around the entire spatial volume. We will make a large L approximation and
only retain the ground state wave function ζ(ZR) We chose the arbitrary phase such that,
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T1Rζ(ZR)|V0〉 = eiθζ(−ZR − 1)|V1〉 (5.4)
We can now construct the “Θ vacuum ” for this theory that is invariant under the TR
symmetry,
|Ω〉 = ζ(ZR)|V0〉+ eiθζ(−ZR − 1)|V1〉 (5.5)
The state we have construct in Eqn. (5.5) is an eigenstate:
T1R|Ω〉 = |Ω〉. (5.6)
It is typically necessary to build the theory on such a vacuum state in order to satisfy the
requirements of cluster decomposition as well.
VI. ENERGY-MOMENTUM TENSOR
The Poincare´ generators P− and P+ have contributions from both the left handed and
right handed fermions with ΨR is initialized on x
+ = 0 and propagates in x+ while ΨL is ini-
tialized on x− = 0 and propagates in x−. These operators must therefore have contributions
from both parts of the initial-value surface. Thus
P± =
∫ L
−L
dx−Θ+± +
∫ L
−L
dx+Θ−± , (6.1)
where Θµν is the energy momentum tensor.
The right handed contribution to P− takes its most elegant form by inserting the JRs
in term of the CNs. We find
P−rh =
g2L
4π2

∑
N 6=0
C3NC
3
−N
N2
+
∑
N
[
C+NC
−
−N
(ZR +N)2
+
C−NC
+
−N
(ZR −N)2
]
+Π2R

 (6.2)
In the above equation ΠR = (2π/g)∂+v is the momentum conjugate to ZR, so that [ZR,ΠR] =
i.
The object is now to find the lowest-lying eigenstates of the Hamiltonian P−. The gauge
anomaly contribution to P− can be written as − pi
2L
Q2R. Acting on |V0〉 P−lh gives zero and
acting on |V1〉 it gives −π/2L which exactly cancels the contribution from the one left handed
particle in |V1〉. We will therefore omit the term − pi2LQ2R and P−lh in the following discussion.
It is convenient to separate P− into a “free” part and an interaction,
P− =
g2L
4π2
[Π2R + P
−
0 + P
−
I ] . (6.3)
P−0 includes all ZR-dependent c-numbers and one-body Fock operators that arise from nor-
mal ordering Eq. (6.3), and has the form
P−0 = C(ZR) + V (ZR) . (6.4)
we find,
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C(ZR) = −ZRψ ′(1 + ZR)− ψ(1 + ZR) + ZRψ ′(1− ZR)− ψ(1− ZR)− 2γ (6.5)
where ψ is the dervitive of the gamma function and γ is the Euler constant. The one body
operator takes the form
V (ZR) =
∑
n
(An(ZR)a
†
nan +Bn(ZR)b
†
nbn +Dn(ZR)d
†
ndn) . (6.6)
where
Bn(ZR) = ψ
′(ZR − n + 1
2
)− ψ ′(−ZR + n + 1
2
), (6.7)
Dn(ZR) = Bn(−ZR) and An(ZR) = Bn(ZR) + Dn(ZR). P−I is a normal-ordered two body
interaction. We do not display it here as it is unnecessary for our present purposes. Note
also that P−0 itself is invariant under T1 and R. This is not true of C(ZR) and V (ZR)
individually.
Consider the matrix element of P− acting a possible vacuum state ζ(ZR)|V0〉 and an
arbitrary Fock state. The only non-vanishing matrix element is
〈V0|P−ζ(ZR)|V0〉 = ǫ0ζ(ZR) (6.8)
which leads to Schro¨dinger equation for ζ(ZR):[
− d
2
dZ2R
+ C(ZR)
]
ζ(ZR) = ǫ0ζ(ZR) . (6.9)
The “potential” C(ZR) has a minimum at ZR = 0 and diverges at ZR = ±1. The boundary
conditions are ζ(0) = 0 and ζ(−1) = 0. These boundary conditions are the result of a
number of studies [3,8] of the behavior of states at the boundaries of Gribov regions. It is
straightforward to solve this quantum mechanics problem numberically. We find that a very
good fit to the numberical solution is
ζ(ZR) = −5.66
(
1− Z2R
)1.63
ZRe
−0.835Z2
R . (6.10)
Now let us consider the state ζ(−ZR−1)|V1〉. Projecting the matrix element of P−ζ(−ZR−
1)|V1〉 with |V1〉 we find[
− d
2
dZ2R
+ [C(ZR) +D1/2(ZR)]
]
ζ(−ZR − 1) = ǫζ(−ZR − 1) . (6.11)
From the explicit forms of C(ZR) and D1/2(ZR) it can be shown that C(ZR) +D1/2(ZR) =
C(ZR + 1). This is of course just the realization of the T1 invariance of P
−
0 . This explicitly
demonstrates that Ψ(−ZR − 1)|V1〉 is a degenerate ground state of the theory.
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VII. THE CONDENSATE
It is generally accepted that QCD in 1+1 dimensions coupled to adjoint Fermions de-
velops a condensate Σ. So far Σ has only been calculated in various approximations. It has
been calculated in the large-N limit [11] and in the small-volume limit for SU(2) in Ref. [3].
Previously we calculated a condensate in the chiral theory with only right-handed fermions
[12]. In that calculation it was the field itself that had a condensate and the result was
fundamentally different from what we are considering here. It is an interesting feature of
these theories that the object that condenses depends on the number of degrees of freedom
in the problem. For SU(3) it is a four fermion operator that has a condensate. Here we
consider the vector theory with both dynamical left- and right-handed fields and we expect
to obtain a condensate for Ψ¯Ψ .
The two vacuum states ζ(ZR)|V0〉 and ζ(−ZR − 1)|V1〉 are both exact ground states.
We have a spectral flow associated with the right-handed and left-handed operators, and
thus the two physical spaces in the fundamental domain differ by one right-handed and one
left-handed fermion. They effectively block diagonalize P− sectors. One sector is built on
a vacuum with no background particles and the other built on a state with background
particles and these two sector only communicate through the condensate. There are no
interactions in P− that connect these blocks. Furthermore using the T1R symmetry one can
show that the blocks are identical. Therefore it is argued [4] that the condensate which is a
matrix connecting these states cannot affect the massive spectrum of the theory. In ref. [5]
it is pointed out that if we allow a small mass m for the adjoint fermions the theory becomes
confining with a string tension σ that is related to the condensate,
σ = 2mΣ. (7.1)
To calculate the condensate Σ let us consider Tr(Ψ¯(0)Ψ(0)) and retain only the contri-
bution of d1/2 and β1/2 particles which could give a non-zero contribution,
Tr(Ψ¯(0)Ψ(0)) = − i
2L
√
2
[
d†
1/2β
†
1/2 + d1/2β1/2
]
... . (7.2)
Taking matrix elements with |Ω〉 we find that only the cross terms contribute. We find for
the vacuum expectation value of Ψ¯Ψ from Eqn. (5.5):
Σ = 〈Ω|Tr(Ψ¯(0)Ψ(0))|Ω〉 = −sin(θ)
2L
√
2
∫
0
−1
ζ(ZR)ζ(−ZR − 1)dZR. (7.3)
Evaluating the integral numerically we find,
Σ =
sin(θ)
2L
.656 (7.4)
We see that this expression behave like 1/L. This is a common result for discrete light cone
calculations and is found even in the Schwinger model where the exact result is known not
to have this behavior. This a result of the crude treatment of the small p+ region that
occurs in this method. The region p+ = 0 is generally very singular and it is believed that
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in the limit L → ∞ one encounters these singularities and they cancel the vanishing 1/L
leaving a finite result. We also note that the only other calculation [3] of this quantity, done
in different gauge, in a small volume approximation and discretized and quantized at equal
time, finds this 1/L behavior.
Kutasov and Schwimmer [4] have pointed out that there are classes of theories that have
the same massive spectrum. For example QCD1+1 coupled to two flavors of fundamental
fermions should have the same massive spectrum as the theory we have considered here.
However the theory with fundamental fermions will not have a condensate. The pimary
conditions for this universality is the decoupling of the left and right handed fields.
VIII. CONCLUSIONS
We have shown that in QCD coupled to chiral adjoint fermions in two dimensions the
light-front vacuum is two-fold degenerate as one would expect on general grounds. The
source of this degeneracy is quite simple. Because of the existence of Gribov copies, the
one gauge degree of freedom, the zero mode of A+, must be restricted to a FMD. The
domain of this variable, which after normalization we call ZR, is bounded by the integers.
Furthermore there is a T1R symmetry which is effectively a reflection about the midpoint
of the FMD. The T1R symmetry operator acting on the Fock vacuum generates a second
degeneracy vacuum. Since T1 generates a spectral flow for the fermions this second vacuum
states contains one left-handed and one right-handed fermion each with momentum pi
2L
, but
the state can be shown to still have P+ = P− = 0.
We form the analog of a θ vacuum from these two-fold degenerate vacuum states which
respects all of the symmetries of the theory. We find that Tr(Ψ¯Ψ) has a vacuum expectation
value with respect to this θ vacuum and we find a exact expression for this condensate Σ. It is
unlikely that the condensate we find here is equivalent to the theories that have been studied
in the equal-time formulation [11,3], because the infrared regulator used there appears to
couples the left and right-handed fermions.
Since P− is block diagonal in our degenerate vacuum states the condensate does not
affect the massive spectrum of the theory and the theory has no massless bound state.
However this condensate is proportional to the string tension [5] where the adjoint Fermions
are given a small mass.
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